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Abstract

The rate at which fluid streams condense into droplets and separate is, in general,
not linear with respect to time. Numerous Newtonian fluids have been studied and
modeled, and the general form of such droplet pinches is that the radius ofthe narrowest
portion of the stream collapses to a singularity as a function of time prior to pinch raised
to a power <1. This experiment examines the case of a non-Newtonian fluid composed of
various concentrations of CTAB and NaSal, to determine if the time scaling of droplet
pinch varies with the concentration of the fluid and if the fluid’s elasticity affects this
collapse. To investigate this, a high speed camera with a macro lens operating at 15kfps
(15,000 frames per second) was positioned in front of a clear tube, over which a pipette
of the solution was suspended. The fluid was then slowly released to form droplets, and
the recorded images were analyzed using a computer program written by Dr. Joseph
Gladden. The results show that as concentration of the micellar fluid increases, the
exponent of the time scaling decreases. This shows that wormlike micellar fluids do not
follow scaling trends of Newtonian fluids, and further theoretical work is needed.
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1. An Overview of Fluid Dynamics: Droplets

Curiosity in the mechanics behind droplet formation has been documented for
over 300 years, with experiments being performed on the subject since the early 1800’s.
Despite the seemingly commonplace nature ofthe phenomenon,the forces which cause
fluids to break apart into droplets have only recently begun to be fully understood and
modeled. A fluid suspended from an orifice or plate in air with density near zero can
have a flow rate approaching negligibility, so that only two forces define its position, and
it is initially in a state of balance between these: gravity and surface tension. As the drop
slowly becomes larger and heavier, gravitational forces overcome the attraction of
surface tension, and the droplet elongates and separates. Surface tension throughout this
process draws the fluid inward, and any radial or azimuthal variations are less stable, so
cylindrical symmetry is favored'. Also, since the droplet is nearly static prior to pinch,
we can assume the process is inviscid (no viscosity) and irrotational (see Fig. 1).

Eggers'and Day, et al.^, using dimensional analysis and applications of
continuum mechanics, showed that with assumptions of inviscid and irrotational flow, the
dependence of the minimum radius (rmin) on time prior to pinch (x = tpinch - t) should scale
as r^nin a

where p is fluid density and y is surface tension. Initial

2/3
experiments on water and other low viscosity fluids verified this T^in oc T

1

T?
.V
■4

I
I

I

\
I

I

i
f
j

Figure 1. Three separate water droplet trials at approx, the same time before pinch.
Note the cylindrical symmeti'y and similarities between droplets.

proportionality, but subsequent experiments using high speed cameras with time
resolutions on the order of 20ps showed a slight deviation from this proportionality in the
final few frames before pinch. The reason for this departure from theoretical predictions
is not yet fully understood*.

Fluids can be classified as Newtonian or non-Newtonian by the factors which
influence their viscosity. Newtonian fi uids satisfy Newton's theory of fluid behavior in
that the shear stress varies linearly with the strain rate; the slope of this proportionality is

2

defined as the viscosity. This means that while the viscosity of a Newtonian fluid often
depends on temperature and pressure, it is necessarily independent of the force applied to
the fluid. In non-Newtonian fluids, this is not true; the relationship between strain rate
and shear stress is nonlinear and a single viscosity does not characterize their motion.
Experiments to determine the time scaling of droplet pinch in Newtonian fluids with
viscosities much greater than that of water showed that the 2/3 exponent is not universal.
The exponents appeared to vary proportionally with viscosity^, such that a currently
accepted model for droplet pinch is a generalized power

oc

where

2/3 < p <\. Theoretical models which predict this viscosity dependence are currently
lacking.
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2. An Overview of Micellar Fluids

When many surfactant molecules enter an aqueous solution, they tend to form
spheres to minimize free energy, with the hydrophobic “tails” densely contained within
while the hydrophilic polar ends of the molecules orient themselves outwards. If a salt is
added to this solution, however, the electrostatic interactions between the charges on the
polar ends of the spheres are screened, such that the spherical orientation no longer
minimizes free energy. The more favorable structure is a cylinder called a wormlike
micelle with length ~100 times greater than radius (see Fig. 2). These long and
semiflexible structures entangle when the concentration reaches a critical threshold,
above which the solution behaves much like a polymer, with a long term structure and
viscoelasticity^.

Measurements of a fluid’s viscosity are often done with a shear rheometer, which
applies a strain at a certain rate and measures the resultant shear stress on the fluid. By
plotting stress vs. strain rate, the viscosity of the fluid can be determined. Micellar gels
exhibit both viscous and elastic properties; if a stress on the fluid results in deformation
and is ceased, the fluid will initially react to revert to its original configuration much like
an elastic solid, but if a deforming stress is applied statically, the fluid will slowly cease
opposing the stress and adopt the deformed configuration as a new stable state. The time
for this reorganization to occur is called the relaxation time. Micellar fluids are nonNewtonian, and do not have one constant viscosity. Additionally, if strain rate exceeds
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Figure 2. Micelles. Surfactant molecules aiTange into spheres, then screen into tubular
micelles, which then entangle and create a macroscopic structure.

relaxation time, the elastic forces in the fluid are overcome and measurements yield a
new viscosity above this threshold (See Fig. 3). Unlike polymers and other fluids with
intricate substructures, the viscoelasticity of micellar fluids seems to have one relaxation
time. The micelles can break and recombine, making the dynamic properties ol micellar

fluids quite distinct from other viscoelastic fluids^. This can be easily seen in the failure
mechanisms of concentrated micellar fluid when disturbed by an object with varying
linear velocities. At low speeds, a rod or disturbance moving through a micellar fluid
shows a typical fluid response; the gel flows around the object with no evident change.
At higher speeds, the disturbance seems to cut the fluid and a line ot bubbles can be seen
behind the object’s path. Faster still, the object obviously tears the micellar gel. leaving a
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Figure 3. Log stress vs. Log strain rate, showing a discontinuity when strain rate
exceeds relaxation time ~ls.

strong wake and creating a small leading crack ahead of the object, similar to an elastic
solid. Thus, the behavior of the material transitions from fluid to solid, dependent on the
speed of a disturbance relative to the fluid’s relaxation time"* (See Fig 4).

The specific micellar fluid involved in this experiment was a solution of the
surfactant cetyltrimethylammonium bromide (CTAB) and a salt of sodium salicylate
(NaSAL) in a 5:3 ratio, respectively, dissolved in filtered deionized water. This ratio was
used in all concentrations mixed since prior experiments with this combination of solutes
showed a 5:3 ratio maximized the length of the micelles^. Along with the
aforementioned properties of micellar fluids, this solution exhibits a number of
interesting properties: the recombination, or “healing”, time is a matter of hours, the

6

solution is transparent at all concentrations, and it exhibits a strong birefringence which is
stress dependent.

(a Flow
t

I
●^4

(b) Cut

(c) Tear
Figure 4. A linearly moving cylindrical disturbance produces three distinct responses
depending on its speed relative to relaxation time.
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3. Methods

The purpose ofthe experiment was to determine power law exponents in droplet
formation of the micellar fluid, so numerous concentrations ofthe fluid were used to
investigate any correlation between time scaling and molarity. Solutions with surfactant
concentrations of48mM,58mM,and 75mM had been used in prior experiments and then
stored. These were taken from storage for use, and a large sample of20mM fluid was
mixed and then diluted into lOmM and 5mM concentrations. For this solution, the
CTAB and NaSAL were mixed separately in filtered deionized water at approximately
70°C, and then mixed together for several hours. A lOmL pipette was deemed
appropriate for droplet creation, and aim rubber hose was attached to the pipette s top to
control fluid release by means of pressure regulation. All trials were performed at room
temperature (20-23°C).

Preliminary trials dropping the micellar fluid from the pipette showed that small
air currents in the laboratory greatly influenced the manner in which the droplet
separated. Smaller concentrations, in particular, have a tendency to elongate into thin
wisps before separation, and dynamic air flows can create vastly different results with
similar initial conditions. Thus, the pipette was suspended partially within a clear acrylic
tube in front of a fluorescent backlight with a translucent diffuser. A tripod mounted
Photron FASTCAM ultima APX high speed camera with a monochrome CCD and a

8

Pipette

Acrylic Tub*

Figure 5. Experimental setup. Camera head would
be placed near the bottom-right of the image.

macro lens was placed opposite the backlight, to enhance contrast. The experimental
apparatus is shown without the camera head in Figure 5.

These videos were initially analyzed manually using a public domain Java-based
program called ImageJ. Prior to filming, an object of known size was placed in the same
plane as the droplet, with the camera’s focal axis normal to the plane. With the camera
viewing both the object of known size and the droplet in the same frame, a ratio of how
many pixels in the image amounted to a physical centimeter could be obtained. The
video was opened as an editable image stack so that ImageJ could be used to examine it.
9

Then the smallest portion of the fluid column was measured in pixels, and the ratio was
used to determine to what actual width this number corresponded. This was done for
every frame in the video, and values were placed in a table with metric widths in one
column and fractions of a second before the point of separation in another. This method
was not only time consuming, but also yielded poor results, in part due to the camera's
limitations. Taking images at 15kfps forced the maximum resolution of the camera to
1024x128 pixels. Near the point of pinch, then, the minimum fluid width corresponded
to only 2 pixels or less, and users attempted to measure differences in these values over
multiple frames, inevitably yielding inaccuracies. Boundaries of the droplet were
recorded as shades of gray with the monochrome CCD. and as lines receded from pixels
they merely dimmed, so a clear boundary was difficult to discern from one frame to the
next (see Fig. 6). This method was abandoned in favor of a less variable one.
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Figure 6. Three subsequent frames taken by the high speed camera at 1 Skips.
Note that the difference in minimum radius is nearly indiscernible
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To reduce the possibility of human error and standardize any inaccuracies due to
limited image resolution, a process of automation was developed. After the high-speed
video was captured, the image sequence was converted to a binary color system, in which
the grayscale continuum was condensed into pure black and white. The lighter shades
below a defined threshold all became white, while the darker shades were defined as
black. Thus the images of the fluid no longer had shades of boundaries which varied
slowly over time, and could be analyzed by a simple computer program. A computer
program was written to take a binary image stack and obtain the power law exponent at
which the imaged fluid pinches. The program first analyzes each horizontal line of pixels
in an image and finds the narrowest width, as determined by the smallest number of
pixels between two black ones. When an image is found that contains a line with no
black pixels, this is defined as the point of droplet separation. The timeline begins at this
frame, and the minimum width data from the images before this frame are tabulated to
form a data set. The data(width vs. time) is plotted, as well as a log vs. log plot of the
same data, and a best fit analysis is applied to find the most appropriate power law
exponent. Sample results are shown in Figure 7. The computer code is listed in the
Appendix.
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There are still errors inherent in such an analysis technique, stemming from issues
like where the binary threshold is set(see Fig. 8)or how well the image is focused, so
multiple trials(25 or more) were done with each concentration and then averaged. If the
analysis program showed an error such as a discontinuity or seemingly random “noise” in
the image (see Fig. 9), these issues were analyzed and fixed, if possible. In some videos,
the issues appeared quite impossible to rectify, and statistics from such aberrations were
not included in the averages. The 20mM solution was measured first, and has the most
aberrant trials due to inconsistent techniques used in the experiment’s testing phases.
Video was taken at 2kfps initially, which did not produce consistent enough results.
Errors such as lighting oscillation producing “noise” and pinch occurring too high or too
low in the frame to be entirely in focus affected these trials as well, and only 10 trials
remain in the average. As water was tested purely as a reference point, only 10 trials
were analyzed. The low concentrations(5 and 1 OmM)had similar issues of pinching
inconsistency, and roughly half of their trials were viable. Consistency increased with
concentration, with the 75mM fluid having roughly 8 viable trials out of every 10
analyzed. No concentrations higher than 75mM were tested, as several tests at this
concentration showed the fluid seeming to snap or break abruptly, displaying solid
characteristics rather than a fluid droplet pinch.
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Figure 8. Binary Threshold. From left to right: original grayscale image, well set
threshold, threshold too low, threshold too high. Note the clear boundaries in the second
image, the lack of boundaries in the third, and the excessive “noise"’ at the top and bottom
of the third. Also note the difference in the pinch shape of this fluid (75mM) compared
to water in Fig. 1.

14

f'Ai

I czi I [s) liiii£?iij>j

2

-0.5

-1.0

-1.5

■c -2.0

E

cc

D1

3 -2.5
i

-3.0

-3.5

-4.0
-3

-2

-1

0

1

2

3

Time (ms)
I
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describe the pinch is nearly impossible to determine.
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4. Results

After analyzing frames, averaging results, and removing statistical outliers, a
general trend showed that as micellar concentration increased, the scaling exponent
decreased. The most dramatic decrease is between 0 mM (water)and 5 mM,indicating
that the presence of micelles at all creates vastly different fluid mechanics. This is in
stark contrast to Newtonian fluids, in which several experiments have shown that as the
viscosity of a solution increases(water being the baseline with viscosity close to 0 Pa-s
and scaling exponent =.66)the scaling exponent increases as well, approaching a limit of
1 (linear collapse). Data is displayed in Table 1 and Figure 10. As previously
mentioned, the 20mM solution was observed first, and methods were refined based on
errors that occurred during this portion ofthe experiment. Accordingly, the averages of
data points corresponding to this concentration were most erratic, as evidenced by the
higher standard deviation. Water, as a Newtonian fluid, was the most predictable and
gave the most consistent results, as seen by its low standard deviation. The average
exponent measured in trials was the exact 2/3 that is theoretically predicted of low
viscosity Newtonian fluids, which validates the computer-based experimental methods
used.
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Molarity(mM)
0
5
10
20
48.48
58.82
74.77

Scaling Exp
0.6666
0.5865
0.567
0.56
0.552
0.5361
0.5165

Standard Dev
0.02257
0.046379
0.080195
0.102118
0.073507
0.054939
0.053314

Table 1. Comparison of molarities,scaling exponents, and standard deviations

Figure 10. Plot of scaling exponent vs. molarity(mM)

17

5. Conclusions

Reasons for a decrease in scaling exponent with an increase in micelle
concentration can only be speculated on. It is possible that the elasticity ofthe micelles
serves to oppose the pinching mechanism when such pinches occur faster than the fluid’s
relaxation time, and as the concentration and elasticity increase, the pinch is slowed
more, resulting in a decreasing exponent. Theory on variations in the power law
exponent in Newtonian fluids is currently lacking; in the non-Newtonian regime it is
virtually nonexistent. It is clear, however, that the theory proposed in Chapter 1 cannot
strictly apply to wormlike micelles.

In the derivation ofthe proportionality between rmin and time, assumptions

were

made of inviscid irrotational flow and of cylindrical symmetry prior to pinch. These
assumptions may be invalid in micellar fluids, especially at higher concentrations. Note
in Figure 8 that lateral symmetry is not preserved, so of course it is not cylindrically
symmetric. Furthermore, viscosity in fluids such as the 75mM is much higher than the
viscosity of water, for which the model was developed, so assumptions of inviscid flow
may not be applicable. And the elastic effects of such fluids are obviously not accounted
for in Newtonian theory at all. It is these effects which are likely responsible for such a
dramatic reversal of Newtonian expectations.

Increasing micelle concentration serves to increase both viscosity and elasticity in
an aqueous solution. In Newtonian fluids, an increase in viscosity increased the scaling
18
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exponent proportionally. The contribution of elasticity, then, not only negates the effects
of increased viscosity, but reverses them, resulting in a net decrease in the scaling
exponent. The effects of elasticity may not be so straightforward, however.

In several trials, a droplet extruded from the pipette would begin to pinch as it
fell, but then remain suspended, motionless both vertically and in terms of neck width,
for a second or more. Obviously surface tension and gravity are no longer the only forces
determining droplet formation, and the simplified case overviewed in Chapter 1 does not
apply. Even more in contrast with Newtonian drops, the pinching of a droplet did not
adhere to one power law in some trials, as the retreating minimum radius would
sometimes halt in its inward motion before continuing the pinch (see Figure 11). Other
trials displayed distinct oscillatory motion, and the droplet would “bounce” on its way
down, as the neck radius would thin, then regain some lost width as the droplet moved
back upwards, and repeat the process until the thinned neck could no longer hold the
droplet.

Since the purpose of this experiment was to determine any correlation between
the time scaling exponent and concentration, these “erroneous” trials were not included in
averages. However, their very existence begs the question of whether any trials adhered
to the power law theory non-coincidentally. It is possible that the power law model does
not accurately describe the pinch of a micellar fluid, due to elasticity considerations. This
speculation is left for further work to resolve.
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Appendix

The computer code for Rmin program written in Python is below. The constant lastframe
has been left blank since it would be changed depending on which trial is analyzed.

from pylab import *
from numpy import *
# mm/pixel
1.0/55.20
rscale
#msec/frame
tscale=l.0/15.0
close('all')
filelist=[]
lastframe= #3575
for i in range(1,lastframe):
filelist.append('frame%04i.png'%i)
rdata=[]
len (filelist)
time
allimgs=0
frame=0
laststep=0
for file in filelist:
frame += 1
im=imread(file)
w=im.shape[1]
h=im.shape[0]
#h=h//4
edge=[]
matl=zeros((h,w))
for i in range(1,h):
for j in ranged,w):
if im[i,j,0] - im[i,j-1,0] != 0.0 or im[i,j,0]
im[i-1,j,0] != 0:
edge.append([i,j])
1
matl[i,j]
if len(edge)==0:
pinchtime=time*tscale
print "Pinch off detected at frame: ,frame
22

rdata.pop()
break
allimgs = allimgs + matl
10000
min width
for i in range(h):
edge_list=[]
for j in range(w):
if matl[i,j] == 1: edge_list.append(j)
if len(edge_iist)>1 and edge_list[l] - edge_list[0]
> 1:
row_width=max(edge_list) - min(edge_list)
if row_width < min width:
row width
min_width
else: continue
rmin
rscale*min_width
if time%100
0: print "Frame, Rmin (mm)
rmin
rdata.append((time,rmin))
time

time - 1

#figure(1)
#imshow(allimgs)
newdata=[]
oldata=rdata
rdata.reverse()
laststep=0
for frame in range(len(rdata)-1):
if rdata[frame][1]!=rdata[frame+1][1]:
print "Found step at: ", frame
thisstep=frame
stepvalue=rdata[frame-1][1]
avgtime=(thisstep-laststep)//2+laststep
if avgtime !=0 and stepvalue != 0:
newdata.append((avgtime,stepvalue))
laststep=thisstep+l
rdata=newdata
rdata=array(rdata)
rdata[:,0]*=tscale
time=rdata[:,0]
width=rdata[:,1]
mlab.save('necking.dat',rdata,fmt='%1.4f')
#time=time[:55]; width=width[:55]
from jplot import *
logt=log(time)
logw=log(width)
23

, time,

xfit,yfit,coeff,sigma=jfit(logt,logw,1)
print
print
print
print
print

'='*20
"Scaling exponent: ",coeff[0]
"Sigma: ", sigma
'='*20

figure(2)
plot(time,width,'o')
**
coeff[0],
plot(time,exp(coeff[1])*(time)
xlabelC'Time (ms)")
ylabelC'Rmin (mm)")
figure(3)
plot(logt,logw,'o')
I _ I
plot(xfit,yfit,
xlabelC'Time (ms)")
ylabel("Log(Rmin)")
show ()
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